We prove the existence of a large family of naturally defined G2-structures on certain compact principal SO(3)-bundles P+ and P− associated with any given oriented Riemannian 4-manifold M . A nice surprise is that such structures, though never calibrated, are always cocalibrated. As we start our study with a recast of the Bryant-Salamon contruction of G2 holonomy on the vector bundle of anti-selfdual 2-forms on M , we then discover new complete examples of that restricted holonomy. In particular, the existence of such a metric on Λ 2 + T * M for any K3 surface M .
Introduction
The group G 2 of automorphisms of the octonians is equally characterized as the group of invariants of a certain 3-form φ ∈ Λ 3 (R 7 ) * . This Lie subgroup of SO(7) gives birth to a special Riemannian 7-dimensional geometry whose basics are fairly well-known today. Following a thorough study by R. Bryant in [Bry87] , such geometry began to have great attention and led to various deep insights and new questions.
Let M be an oriented 4-dimensional Riemannian manifold. The structures we present here are defined on the total space of two natural principal SO(3)-bundles P + and P − −→ M , abbreviated P ± , of essentially orthonormal coframe basis {e 1 , e 2 , e 3 } of (anti-)selfdual 2-forms on M and invoking the induced connection 1-form ω ∈ Ω 1 P± (o(3)) in canonical matrix form. A structure 3-form φ on P ± , say a preferred G 2 structure within the family we found, may be given immediately:
We may indeed challenge the reader in saying that a basic knowledge of the theory, up to Bianchi identity in 4-dimensional geometry, is just enough to prove φ is coclosed. Notice our result may be relevant in finding explicitly G 2 cocalibrated metrics. But it is more in revealing a new twistorial approach to 4-manifolds and the existence of new functorial relations. Also, in another perspective, our result compares with the well-known theorem which says that every cotangent bundle is a symplectic manifold.
We start our study with a recall of the theory of connections on principal coframe bundles and the Singer-Thorpe curvature decomposition for Riemannian 4-manifolds. Their many well-known facts are used frequently along the main proofs. We also present an introduction to G 2 fundamental notions and equations.
Then we revisit the G 2 holonomy metrics on X ± = Λ 2 ± T * M constructed by R. Bryant and S. Salamon, somehow willing to honour their discovery of true G 2 holonomy. We compute the fundamental torsion equations of [FG82] on X ± , for M anti-selfdual (selfdual, for the − case), which are finally supremely related by an elementary lemma about two 1-variable dependent positive functions (throughout the paper we work in the smooth category). The torsion forms, also described for the new structures on P ± , thus entail many new unsolved questions. As our computations are also accomplished for the bundle of self-dual 2-forms, we use results of C. LeBrun to deduce that to every K3 surface with Calabi-Yau metric corresponds a 2-parameter family of parallel G 2 structures on Λ 2 + T * K3. Our last chapter contains the general equations of the new, always cocalibrated, G 2 structures.
1 Riemannian 4-manifolds and G 2 7-manifolds
Frame bundle and connection forms
We start by recalling some classical elements of differential and Riemannian geometry, which may be seen in many references such as [Hel78, KN96] . Introducing notation, we let Ω 
To begin with, we let M be a smooth n-dimensional manifold and let F * M be the principal GL(n, R)-bundle of coframes. A coframe e ∈ F * M is a linear isomorphism (e 1 , . . . , e n ) :
Lie group right-action g → R g (e) = e · g is defined by e · g = ( j e j g 1 j , . . . , j e j g n j ), ∀g ∈ GL(n, R). Using the bundle projection π : F * M −→ M we have a canonical R n -valued 1-form θ on F * M , the so-called soldering form. It is one which gives a first example of a tautological form, as it is defined by
Now suppose the manifold is endowed with a linear connection, that is, essentially a covariant derivative or a first-order operator commuting with restrictions and satisfying Leibniz rule. Given any local section 
and a Lie algebra gl(n, R)-valued 2-form on U
Of course, (2) and (3) are related by R ∇ e i = sρ i · and differentiating again gives the so-called Bianchi identity. More important here, with a statement we cannot prove easily, is that the connection can be completely described over the manifold F * M . Indeed, there exists a globally defined, unique ω ∈ Ω 1 (F * M, gl(n, R))
and such that, for any fundamental vertical vector field V e ∈ T F * M, e ∈ F * M ,
From this and the existence of time-dependent parallel sections we have that H = ker ω is complementary to the vertical tangent subspace, i.e. ker π * ⊂ T F M . It follows easily that R * g ω = Ad (g −1 )ω, ∀g ∈ GL(n, R), most of this being common to other linear connections.
The following are two famous equations of Cartan, fundamental for the so-called torsion and the curvature of any linear connection:
We recall the proof, in order to draw a theory which we wish both extensive and coherent. Lets = (e 1 , . . . , e n ) be a frame dual to s. The connection form on T M is in general −ω t , i.e. satisfies ∇e i = − j e j ω j i or simply ∇s = −s s * ω t , because we require ∇1 = 0. The maps s * θ t = j e j θ j s * = j e j e j = 1 is the identity endomorphism of T M . Now for any connection we have the torsion defined by T ∇ = d ∇ 1 and so we may deduce an equivariantly defined R n -valued 2-form τ on F * M , hence vanishing on vertical directions, such
For a strictly vertical direction, hence one which cannot be represented through s, the equation follows by direct computation. Regarding the curvature equation in (6), with the above coframe we find
. By tensoriality, V ρ = 0 for any vertical vector field V .
We recall that θ, ω, and hence τ and ρ, are global differential forms on F * M .
A connection is said to be reducible to a principal G-sub-bundle Q of F * M , where G is a Lie subgroup of the general linear group, if ker ω |Q ⊂ T Q.
Now we suppose M is also an oriented Riemannian manifold with metric g = , . Then there is a canonical torsion-free metric connection, the Levi-Civita connection, and all the above remains true on the principal SO(n)-bundle Q * of oriented orthonormal coframes. Because it is metric, the connection matrix and f is any V -valued function on U , then f determines a unique functionf : π |Q −1 (U ) → V such that f =f • s, and which satisfies σ(g −1 )f (s) =f (sg). Reciprocally, any equivariant function on Q determines a section of X. Finally, we covariantly differentiate fields of X through the class independent formula, wherê σ : g −→ gl(V ) is the induced map from σ:
To prove this is well-defined on X the crucial equation to deduce first is (sg)
where g is any G-valued function defined on the domain of s.
On Riemannian 4-manifolds
Now suppose M is a connected oriented 4-manifold and let us continue with the same notation as above.
First recall that SO(4) = SO(3) × SO(3) / ± 1 and that a representation of this Lie group lies in Λ 2 R 4 , with kernel ±1, giving two similar subspaces associated to the eigenvalues of the star-operator * . The star or Hodge operator is invariantly defined by α ∧ * β = α, β vol, thus it gives an operator * M on M which, moreover, commutes with covariant differentiation. Hence we have parallel sub-bundles:
A similar picture as the above from section 1.1 then follows for the principal SO(3)-bundles P + of norm √ 2 orthogonal oriented coframes of Λ 2 + and P − of the same type coframes of Λ 2 − . By the last term oriented we just mean some choice made of one of the two connected components of the bundle of norm √ 2 orthogonal coframes of each of those associated vector bundles of M .
We note the spaces P + and P − carry the SO(4) action. Choosing any oriented coframe e = (e 4 , . . . , e 7 ) ∈ F * M we then have two new coframes for the bundles of self-dual and anti-self-dual 2-forms, respectively 1 : 
This in fact determines the above choice of P + and P − . Indeed, let us consider P + only. Any other oriented coframe of M equals e · g with g ∈ SO(4). The orientation of ((e · g)
by g ∈ SO(3). Since SO(4)/SO(3) = S 3 is connected, the orientation is well-defined by (9).
Now we let
be the equivariant maps defined by p ± (e) = p ± (e 4 , e 5 , e 6 , e 7 ) := (e 1 , e 2 , e 3 ). The kernel is SO(3){±1} ≃ S 3 .
The induced connections on P ± are again denoted by an ω = ω ± ∈ Ω 1 (P ± , o(3)), although now given by ∇p = p p * ω where p = p ± • s and s is any local section of F * M −→ M as before and
The curvature tensor R
Using the tautological form η on P ± , swiftly defined by the soldering form components within η = p ± (θ 4 , . . . , θ 7 ), and abbreviated as η = (e 1 , e 2 , e 3 ), we easily get upon the same manifold, in due coherence with structure equations (6),
and again differentiating
where ρ is the curvature 2-form
Due to Bianchi identity (13), the Riemann curvature tensor R ∇ of M is symmetric; indeed it lies in
since we may write, in a dual frame {e 4 , . . . , e 7 },
Thus there are three invariantly defined maps A, B, C, A and C self-adjoint, respecting the decomposition (8), i.e. such that
On the other hand, of course we may write ρ 
In particularã is the matrix of A andb is the matrix of B. 
In any dimension, if M is Einstein, then s is known to be a constant. A reference for much of all this section is [Bes87] .
G 2 -structures
These structures are well-known today and amount to a 3-form of special kind on a 7-dimensional manifold.
One way to describe them is precisely within the above setting of distinguished 2-forms. Let us continue with the notation for duality from (9), but now on some oriented Euclidean 4-space, say a horizontal direction, which we complement with a 3-dimensional Euclidean space given by an orthonormal coframe, i.e.
a set of three independent linear forms f 1 , f 2 , f 3 , for the vertical direction. Of course, along, we obtain a corresponding metric g = g V + g H in 7 dimensions. Then a linear G 2 structure is defined on the direct sum vector space, just as in [BS89, Sal87] , by
In the above we read e i = e i ± . The coefficients are the indicated products of scalars λ, µ. A study of such forms of special type gives that the group of automorphisms of φ, G 2 , is a simply-connected, compact, simple, 14 dimensional Lie subgroup of SO(7) where this refers to some new metric g φ (cf. [Bry87] ). An orientation form o = Vol g = f 123 e 4567 can be fixed once and for all, since connectedness prevents G 2 from jumping from one to another. The metric g φ is given, for some m ∈ R yet to be determined, and for any vectors u, v, by the identity
In the case of (19), after some long computations for each vector e α and f i , giving e α Hence the value of m = λ 3 µ 4 and finally the metric and canonical volume form:
The orientations o and mo agree if and only if λ > 0. Positive definiteness implies λ, µ > 0. Finally the star operator * φ for g φ gives
Since the compatibility between the 3-and 4-dimensional subspace orientations is quite loose, but each may be previously fixed, we note one more detail. It is quite natural to start with a different set of self-dual two forms and want to keep it for some reason. For instance, say we had chosen e 1 , e 2 , −e 3 (or any other non-orientation preserving transformation). Then we can change signs to f 3 and λ. This gives the same orientation, mo, but the metric induced from the new 3-form (19) will be of signature (3, −4), a so-calledG 2 metric, where the Lie group is now the non-compact dual of G 2 . In order to have a positive definite metric we would have to start by reversing the sign in the middle of (19 . A G 2 structure on a 7-dimensional manifold X is given by a smooth 3-form φ ∈ Ω 3 X such as that in (19) for some given frame f 1 , . . . , e 4 . Then there is an induced metric g φ and compatible orientation on X, as we have seen fibre-wise and for similar reasons must hold globally. The structure is furthermore reducing the holonomy of the Levi-Civita connection ∇ of this metric to G 2 if and only if ∇φ = 0. That is, an endomorphism of T x X induced by parallel displacement over a contractible loop around x is in the Lie group. Such a structure is called parallel or 1-flat. A theorem of M. Fernández and A. Gray asserts this is equivalent to φ being harmonic.
The classification of G 2 structures is further developed in theorems due to [FG82] . It depends on four forms τ i ∈ Ω i X for i = 0, 1, 2, 3 which appear fibre-wise in Λ i T * X as G 2 -modules W i of dimensions, respectively, 1, 7, 14, 27. While the first two representation spaces W 0 , W 1 are obvious, the third is W 2 = g 2 = {τ 2 : τ 2 ∧ φ = ∓ * φ τ 2 } and the forth is W 3 = {τ 3 : τ 3 ∧ φ = τ 3 ∧ ψ = 0}. The forms indeed exist and
Equations dφ = 0 and d * φ φ = 0, respectively, are those of a calibrated and cocalibrated G 2 structure. As we said above having both conditions is the same as ∇φ = 0. Like many authors we also reserve the name The manifolds
, where the representation is the canonical, are natural vector bundles associated to a given oriented Riemannian 4-manifold M . Such manifolds carry many, rich G 2 structures. We shall treat the two + and − cases simultaneously, with unnecessary notation -for example in referring the 3-form φ. This is defined as follows assuming the notation of previous sections.
A point x ∈ X ± may be written as x = pa t , where p = (e 1 , e 2 , e 3 ) constitutes a coframe of self-or anti-self-dual forms and a = (a 1 , a 2 , a 3 ) is a vector of R 3 . Then the 2-form η from (12) induces another tautological 2-form, ηa t , well-defined on X ± . As well as the scalar function r = 1 2 ηa t 2 = aa t . We have
where we define f = da + aω t = da − aω. Using either this identity or the pullback connection to X ± from ∇ on M , we find dr = 2f a t .
With no fear of confusion, from now on we abbreviate notation by dropping the wedge product symbol.
Next we introduce a little tool to deal with several computations.
Consider the linear map which sends α ∈ Ω k (R 3 ), ∀k ≥ 0, to the o(3)-valued k-formα exactly in the shape of the matrix ω = (ω 1 , ω 2 , ω 3 ) ∨ in (11). This is,
In coherence with our notation we also 2 have ρ =ρ. We let · ∧ denote the left inverse map, defined for any matrix A by A ∧ = (a 32 , −a 31 , a 21 ). We have (A ∧ ) ∨ = A if and only if A lies in the orthogonal Lie algebra.
The following identities are trivial to check:
Returning to our G 2 problem, the components f = (f 1 , f 2 , f 3 ) give us the required base of 1-forms with which one defines a structure φ in the same fashion of (19). We define β = f 123 and vol = e 4567 since in fact this is the pullback to X ± of the volume form of M . Henceforth
where λ, µ are scalar functions on X ± . It is easy to see that
Also ψ = µ 4 vol− λ 2 µ 2 ηh t where the 2-form h is given by h = (ff )
Applying (27) several times, we find f ωf = −hω and thence
Since β = 1 3 hf t , we have (in fact hωf
and
Since ηf t is exact,
For the solution of several G 2 equations, we follow [BS89, Sal87] so as to consider λ, µ as functions of the half square-radius r.
Proposition 2.1. Consider the spaces X ± = Λ 2 ± T * M with the generic Bryant-Salamon G 2 structure φ.
Assume λ and µ are only dependent of r. We have that dφ = 0 implies the metric of M is Einstein.
Proof. The hypothesis and (25) imply that dλ = 2 ∂λ ∂r f a t and analogously for µ. For the relevant part, it is now enough to see the case of self-duality. From (17), we see the Einstein condition is fulfilled with ρ + having no anti-self-dual terms. The o(3)-valued 2-form ρ + = ρ = ρ A + ρ B appears in the first line of (32).
Since φ is closed, we must have B = 0.
In the following we find the structure forms or structure tensors according to (23).
Theorem 2.1. Consider the spaces X ± = Λ 2 ± T * M with the generic Bryant-Salamon G 2 structure φ and assume λ and µ are only dependent of r. Assume also that M is anti-self-dual in the case of X + or self-dual in the case of X − . We thus have ρ = sη + ρ B , as in equation (18), where ρ B is the Einstein component, which interchanges self-with anti-self-duality depending of which case. Then we have: Proof. i) Since the wedge of 4-forms with φ is equivariant, we find an invariant kernel of such map and then
because ρ B η = 0, ηf t hη = βηη = 0, ηη t = ±6vol, η t η = ±2vol.1 3 and so f η t ηf t f = ±2volf f t f = 0 (from the structure equations we actually have ηρ = 0, but this is not quite the condition we meet with).
ii) As above, we define three functions S, T, U simply by d(λµ
Note also the identity fη + ηf = 0, which is easy to check and implies ηfη = −fη 2 = ±4f vol. Below we will also need f t f = −ȟ. Continuing, we have then
Now, it is known that τ 1 = 1 3 * φ ( * φ dψ)ψ (cf. [FG82, FI03] ). Hence
, the result follows.
iii) The shortest path to τ 2 (∈ g 2 ) is by using the formula we have just proved. Recalling (23), we have
Hence
iv) Finally, from the above τ 1 and recurring to * M , the star operator lifted form M to the horizontal subspace, we find
Indeed fη + ηf = 0 and
So the formula becomes very simple.
We remark ha t is also a global 2-form, just as the 2-form ηa t .
New examples of G 2 manifolds
With the above theorem we can construct new examples of G 2 structures of eight different and unusual classes. Regarding pure W i , i = 1, 2, 3, and other relevant types, we have further observations. One writes, in general,
Then we may solve τ 2 = 0 to easily integrate what is left in τ 1 . In the conditions of theorem 2.1, we can indeed find examples of non-trivial pure type W 1 structures, i.e. locally conformally parallel. However, if ∓12s = ∓Scal M < 0, then the structure is only locally conformally parallel, not globally, and in general it is not complete (the induced metric g φ ). Regarding pure type W 2 structures, the equation τ 1 = 0 does not yield so easily. Taking λ constant, leads to a complete solution if and only if ∓Scal M ≥ 0, giving an answer to the problem. Taking µ constant, leads to another solution, but hardly with the metric g φ complete.
We notice that τ 1 and τ 2 are closely related, by the following simple lemma which is just calculus in the variable r.
Lemma 2.1. With λ, µ > 0, any two of the following conditions imply the third:
In order to achieve pure type W 3 or even G 2 holonomy, one thus assumes (34); equivalently the system of equations λµ = c 0 and ∂ r µ 2 ± sλ 2 = 0. The unique solution is (c 1 is another constant):
The only existing compact self-dual Einstein 4-manifolds with s > 0, result due to N. Hitchin, were pointed out in the original construction of what we have denoted by X − . The following is well-known. If this is the case, then φ is of pure type W 3 and g φ is complete.
ii) The five classes of manifolds Λ Proof. i) It is well-known that a Kähler surface is scalar-flat if and only if it is anti-self-dual ( [Der83] ). We may apply theorem 2.1 and lemma 2.1 above to get the first part (notice we have s = 0, so it is indeed λ and µ constant).
ii) The only spin compact cases in i) are M 0 , M 1 and the K3 surfaces with Calabi-Yau metric ( [LeB86] ).
Since the compact spin examples are actually Einstein, we may conclude the proof (the metric g φ is of the kind of the Sasaki metrics on vector bundles since the weights are constants).
iii) In [LeB04] it is shown that the metrics considered are not Einstein, so τ 3 = 0; again taking λ, µ constant solves equations τ i = 0 for i = 1, 2.
The classification of compact simply-connected 4-manifolds with scalar-flat ASD metric consists of the K3 surfaces and the two classes M 2,k and M 3,k -the statement of LeBrun. Well understood, all the classes we have been considering are under the relation of orientation preserving isometric diffeomorphism.
Determining the holonomy subgroups of G 2 for the manifolds Λ The next result is a mirror of the Bryant-Salamon theorem 2.2, but its proof is not.
First recall the complex hyperbolic space CH 2 = SU(2, 1)/U(2), which is a ball in C 2 . From [BCGP05] we know that it is Einstein and self-dual for the canonical orientation. ; we recall the 3-form is φ = λ 3 β − λµ 2 ηf t and the metric is g φ = λ 2 g V + µ 2 g H for both of the base spaces. Since −2sr > 0, the metric behaves like that one found for the positive scalar curvature case; in particular one checks it is a complete metric for the very same reason.
From [BCGP05] we know that CH 2 is Einstein and self-dual for the canonical orientation. Hence the two manifolds X + have parallel G 2 structure. The result now follows by a corollary in [Alb14] .
The end of the proof is accomplished with a general method found in [Alb14] . Which also gives a new proof of the elliptic case, i.e. that in theorem 2.2.
Remark. It is interesting to see why, after-all, the mirror proof from the two constant s > 0 base manifolds does not work with those other two with constant s < 0. To guarantee the holonomy subgroup of G 2 is the whole group, [BS89] applies a general criteria which says it is sufficient that there do not exist non-trivial parallel 1-forms on the given G 2 parallel manifold. Following the article, we must first prove our manifolds Λ 2 + are not diffeomorphic to R 7 . That is true for the real hyperbolic base, a pseudo-sphere, since π 3 (H 4 ) = 0.
But false for the complex hyperbolic ball CH 2 (contrary to the CP 2 case). Also the proof continues with representation theory of the G-module P of ∇ g φ -parallel 1-form fields, where G is the isometry group of the base manifold. P is a vector space which is, in the real case, and should be, in the complex case, of dim < 7. The isometries preserve g φ by construction, hence G acts on P. For our hyperbolic base spaces, G = SO(4, 1) and U(2, 1), cf. [BCGP05] , which of which are the respective mirrors of the elliptic G = SO (5) and SU(3). We also note the orthogonal to P is not finite dimensional in Ω 1 Λ 2 + so we cannot easily argue with it. A few arguments which the reader may check, valid for all cases, tell us that the G action must have irreducible components of dim 0, 3 or 4. In both elliptic cases, that is impossible and further-on implies that P = 0. But in the real hyperbolic case there do exist representations of SO(4, 1) in dimension 4, cf. [BW75] .
geometry base, they appear naturally as, for instance, the celebrated symplectic cotangent bundle of every given manifold.
Notice we could as well define φ through f given by any permutation of ω 1 , ω 2 , ω 3 . The author did not found harmonious results, as the previous, since the basic equations are then quite twisted.
